Abstract. We estimate the L 2 norm of the restriction to a totally geodesic submanifold of the eigenfunctions of the Laplace-Beltrami operator on the standard flat torus T d , d ≥ 2. We reduce getting correct bounds to counting lattice points in the intersection of some ν-transverse bands on the sphere. Moreover, we prove the correct bounds for rational totally geodesic submanifolds of arbitrary codimension. In particular, we verify the conjecture of Bourgain-Rudnick on L 2 -restriction estimates for rational hyperplanes. On T 2 , we prove the uniform L 2 restriction bounds for closed geodesics. On T 3 , we obtain explicit L 2 restriction estimates for the totally geodesic submanifolds, which improve the corresponding results by Burq-Gérard-Tzvetkov, Hu, Chen-Sogge.
Introduction
Let M be a smooth Riemannian manifold without boundary of dimension d (d ≥ 2), ∆ the corresponding Laplace-Beltrami operator and Σ a smooth embedded submanifold of dimension k. Burq, Gérard and Tzvetkov [5] , Hu [10] established bounds for the L 2 norm of the restriction of eigenfunctions of ∆ to the submanifold Σ, showing that if −∆e λ = λ 2 e λ , λ > 1, then there exists a constant C > 0 such that e λ L 2 (Σ) ≤ Cλ All these estimates are sharp on the standard sphere S d , expect for the log loss. It was proven by Hu [10] that if Σ is smooth submanifold of dimension d − 1 with positive (or negative) definite second fundamental form, then the bound λ 1 4 in (1.3) can be improved to be λ 1 6 . For d = 2, the result is due to [5] . Chen and Sogge [6] proved that if d = 3 and Σ is a geodesic segment, then the factor (log λ) 1 2 in (1.2) can be removed. On nonpositively or negatively curved manifolds, the improvements for these restriction estimates can be found in [6] , [13] , [15] , [1] and references therein.
be the standard flat torus. In [5] it is observed that for the flat torus M = T 2 , (1.3) can be improved to be e λ L 2 (Σ) ≤ C λ e λ L 2 (M ) , ∀ > 0 ( 1.4) due to the fact that the corresponding bound on the L ∞ norm of eigenfunctions holds. They raise the question whether in (1.4) the bound λ can be replaced by a constant, that is whether there is a uniform L 2 restriction bound. In particular, it is known to experts that if we take Σ to be a geodesic segment on the torus, this problem is essentially equivalent to the currently open problem of whether on the circle |x| = λ, the number of lattice points on an arc of size λ 1 2 admits a uniform bound. Furthermore, Bourgain and Rudnick [2] conjecture that for flat torus M = T d (d ≥ 2) and real analytic hypersurface Σ, the bound λ (1.5) If moreover Σ has nowhere vanishing curature and λ > λ Σ , for some c Σ > 0, also
(1.6) Bourgain and Rudnick [2] proved this conjecture when d = 2, 3 and Σ is a real analytic hypersurface with non-zero curvature. In higher dimension d ≥ 4, they claimed that if Σ is a smooth hypersurface with positive definite second fundamental form, then (1.3) can be improved:
for some d > 0. Recently, Hezari and Rivière [9] verified the Bourgain-Rudnick's conjecture for a density one subsequence of eigenfunctions on any smooth hypersurface with nonvanishing principal curvatures.
In this paper we pursue the improvements of (1.1), (1.2), (1.3) for the flat torus
, considering the restriction to totally geodesic submanifolds of arbitrary codimension. We reduce getting correct bounds to counting lattice points in the intersection of some ν-transverse bands on the sphere. Moreover, we prove the correct bounds for rational totally geodesic submanifolds of arbitrary codimension. In particular, we prove that the conjecture (1.5) is true if Σ is a rational hyperplane.
To state our theorems, we introduce some notations about the lattice points on the sphere. Let λ 1 and k ≥ 1. Denote the sphere
Let ζ ∈ S k be a unit vector. Consider the λ 2 ) which is the intersection of the sphere λS k with the ball of radius ≈ λ 1 2 around λζ. Let N k,λ denote the maximal number of lattice points in the λ 1 2 -cap of the sphere λS k . Namely,
The bounds on N k,λ have been studied by number theorists. Currently, the best estimates when k = 1, 2 are 
We define a unit band in the sphere λS d−1 to be the subset of λS d−1 between two parallel hyperplanes with distance ≈ 1. More precisely, for 0 = u ∈ R d and x 0 ∈ R d , the unit band is defined by
Let A 1,d,λ be the maximal number of lattice points on a unit band of λS d−1 . Namely,
Here the length of the wedge product 
by recalling the bound ≈ λ d−2 for the number of lattice points in λS d−1 and assuming uniform distribution of lattice points. For 2 ≤ k ≤ d − 1, the intersection of k transverse unit bands that contains the most lattice points may roughly look like the region in λS d−1 with size
So we may naturally expect that the correct bounds for A k,d,λ are
In particular, if we assume u 1 , ..., u k are fixed and rational, we will see that the maximal number of lattice points in the intersection of these k unit bands satisfies the bounds in (1.9), (1.10) . See the proof of Theorem 6.
Throughout this paper, the totally geodesic submanifolds are assumed to be bounded and have fixed unit Hausdorff measure (e.g. length, area,...). A B (A ≥ B) means A ≤ CB (A ≥ cB) for some positive constants C, c independent of λ. The constants may depend on the fixed parameters, including d, k, . A ≈ B means A B and A B.
where the constant is independent of γ and λ. Moreover, for any fixed eigenvalue λ, there exist a geodesic segment γ and an eigenfunction e λ such that
This means (1.11) is sharp.
. To prove uniform L 2 geodesic restriction bound on T 2 is equivalent to prove N 1,λ 1, which is a currently open problem. Of course, this result is already known to experts (see e.g. [2, page 1]), but we also give a short proof here for the sake of completeness. Note that the closed geodesics on flat torus are exactly the straight lines with rational slopes. If we only consider the closed geodesics, we can get correct estimates.
Theorem 2. If γ is a geodesic segment in T
2 with fixed rational slope, then
where the constant may depend on the slope but it is independent of λ.
where the constant C Σ is independent of λ.
If the slope of the straight line is equal to p/q, gcd(p, q) = 1, then the constant in (1.13) is ≈ max{|p|, |q|}. Here max{|p|, |q|} is exactly the height of the rational number p/q. A key idea to prove the uniform bound is using the l 2 boundedness of discrete Hilbert transform. We remark that in the second part of Theorem 1, the slope of the geodesic can be chosen to be a rational number, which may depend on λ. Of course, one cannot combine (1.12) and (1.13) to conclude that N 1,λ 1, since the constant in Theorem 2 depends on the slope of the geodesic.
1.2.
Higher dimensional case.
(1.15) where the constant is independent of Σ and λ. Moreover, for any fixed eigenvalue λ, there exist a totally geodesic submanifold Σ and an eigenfunction e λ such that
(
1.16)
This means (1.15) is essentially sharp.
It is natural to expect that the factor (log λ) k/2 can be removed. Note that N 1,λ ≈ A 1,2,λ . This theorem agrees with Theorem 1 when d = 2, except for the log loss. In particular, when d = 3, by estimating A 1,3,λ and A 2,3,λ , we can prove the following explicit estimates.
(1.18) The constants are independent of Σ and λ.
These bounds improve the bounds λ 1 2 (k = 1) and λ 1 4 (k = 2) by BurqGérard-Tzvetkov, Hu, Chen-Sogge. The main idea to estimate A 1,3,λ and A 2,3,λ is generalizing a result of Jarnik [11] to higher dimension. We decompose the bands into a number of small pieces, each of which contains at most λ (coplanar) lattice points. All these bounds seem to be far from the correct bounds suggested by (1.9), (1.10) and Theorem 3, namely for any > 0
(1.20) Fortunately, these correct bounds can be proved for rational totally geodesic submanifolds (see Theorem 6). 
Note that there are ≈ λ terms in the sum, and #E λ 1+ . This result expresses a mean-equidistribution property of E.
For any fixed eigenvalue λ, there exist a totally geodesic submanifold Σ of dimension k and an eigenfunction e λ such that
(1.21)
This result generalizes Theorem 1 to higher dimension and is related to the conjecture by Bourgain-Rudnick. Indeed, for some hyperplane Σ ⊂ T d and an eigenfunction e λ , we have
which means that the conjecture (1.5) in any dimension (d ≥ 2) is not true if N 1,λ is unbounded.
We may generalize Theorem 2 and prove the correct bounds in higher dimension.
If Σ is a totally geodesic submanifold of dimension k and it is determined by linear equations with rational coefficients, then for any > 0
where the constant may depend on the rational coefficients but is independent of λ.
Clearly, these results improve the bounds (1.1), (1.2) and (1.3). These bounds agree with the correct bounds given by (1.9), (1.10) and Theorem 3. In particular, when k = d−1, the uniform bound (1.23) agrees with the conjecture bound (1.5). Furthermore, it is natural to make the following conjecture according to Theorem 6.
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Proof of 2 dimensional case
We prove Theorem 1 and 2 on T 2 . Let e λ (x) = n∈E c n e in·x , n∈E |c n | 2 = 1, where E = Z 2 ∩ λS 1 .
Proof of Theorem 1.
Proof of (1.11). Without loss of generality, let γ = (x 1 , ax 1 ), a ∈ R, |x 1 | ≤ 1. We may additionally assume that |a| ≤ 1, otherwise we may exchange the x 1 , x 2 coordinates. Then
If |m 1 − n 1 + a(m 2 − n 2 )| 1, then for fixed m ∈ E, all the possible n ∈ E lie on the two arcs between two parallel lines with distance ≈ 1. See Figure 1 . Note that the length of each arc is λ 1 2 . Thus, we have at most N 1,λ choices of n.
k , then for fixed m ∈ E, all the possible n ∈ E lie on the two arcs between two parallel lines with distance ≈ 2 k . Note that the length of each arc is λ 1 2 2 k/2 . Thus, we have at most 2 k/2 N 1,λ choices of n. Therefore, by Cauchy-Schwarz
This proves (1.11).
Proof of (1.12). We assume that there is some λ 1 2 -arc C ⊂ λS 1 containing ≈ N 1,λ lattice points. See Figure 2 . The arc must lie between two parallel lines: its chord and the tangent line at its midpoint. We may assume the distance between these two lines is < . Without loss of generality, we may also assume the equations of these lines have the form:
when n is on the arc C, and c n = 0, otherwise. Define the eigenfunction e λ (x) = n∈E c n e in·x . Then n∈E |c n | 2 = 1, by definition. Since when m, n are on the arc, |m 1 −n 1 +a(m 2 −n 2 )| < 
Thus (1.12) is proved.
2.2.
Proof of Theorem 2.
Proof. It is a consequence of the l 2 boundedness of the discrete Hilbert transform, see e.g. [12] .
Proof of (1.13). Now we prove the uniform bound for the L 2 restriction to γ = (x 1 , ax 1 ), a = p/q, gcd(p, q) = 1, |x 1 | ≤ 1, |a| ≤ 1. Let e λ (x) = n∈E c n e in·x , where
The straight line x 1 + ax 2 = t intersects the circle x 2 1 + x 2 2 = λ 2 at at most two points, and they are separated by the perpendicular line ax 1 − x 2 = 0 passing through their midpoint. Let
and then E = L + ∪ L − . So we can split the sum above into 4 parts, and it suffices to estimate
If a = p/q ∈ Q, gcd(p, q) = 1, |p| ≤ |q|, then for any fixed t ∈ Z, there is at most one n ∈ L + such that qn 1 + pn 2 = t. So we may define a t :=c n if there is one n ∈ L + such that qn 1 + pn 2 = t, and define a t := 0, otherwise. Recall the operator T µ in Lemma 1,
|q|.
So the proof is finished.
Proof of higher dimensional case
We prove Theorems 3, 5, 6 on
, generalizing the two dimensional results to higher dimension. Let e λ (x) = n∈E c n e in·x , n∈E |c n | 2 = 1, where
3.1. Proof of Theorem 3. Proof of (1.15). The following proof generalizes the method in the proof of (1.11). Let Σ ⊂ T d (d ≥ 2) be a totally geodesic submanifold of dimension k. Note that Σ is determined by k linear equations, we can assume without loss of generality that (1, 0, ..., 0, a k+1,1 , ..., a d,1 ),
. Then we can write Σ = x 1 u 1 + ... + x k u k , and the measure
and the condition |a ij | ≤ 1 implies that for some constant
Define for j = 1, ..., k and p j = 0, 1, 2, ...
Therefore by Cauchy-Schwarz
Here in the second inequality we split B p j (u j , m) into ≈ 2 p j unit bands B(u j , ·) and use the fact that the unit bands B (u 1 , ·) , ..., B(u k , ·) are ν k,d -transverse
,λ is the maximal number of lattice points in the intersection of k unit bands that are ν k,d -transverse. Then the number of lattice points
This estimate gives (3.3) . So the proof is complete.
Proof of (1.16). The construction here generalizes the two dimensional case (1.12). Fix an eigenvalue λ 1. Let C be the intersection of k unit bands that are ν k,d -transverse, which contains A k,d,λ lattice points in it. Without loss of generality, we may assume these bands are B (u 1 , x 01 ) ,..., B(u k , x 0k ) where (1, 0, ..., 0, a k+1,1 , ..., a d,1 ), 0, 1, ..., 0, a k+1,2 , ..., a d,2 ) , ...
Define the eigenfunction e λ (x) = n∈E c n e in·x . Then n∈E |c n | 2 = 1, by definition. If the distance between the two hyperplanes of each unit band is small enough (only depending on k and d), then for any m, n ∈ C we have |(m−n)·u j | ≤ 1, j = 1, ..., k, which implies
Hence the eigenfunction e λ and the submanifold Σ satisfy (1.16). 
and |a j | ≤ 1, j = 2, ..., d − k + 1. We may also assume their distance is
Then for any lattice points m, n in this cap C, we have
So we have
when n ∈ C, and c n = 0, otherwise. Define the eigenfunction e λ (x) = n∈E c n e in·x . Then n∈E |c n | 2 = 1, by definition. Then
Thus (1.21) is proved.
3.3. Proof of Theorem 6.
where the constant is independent of X 0 and R.
Proof. Without loss of generality, we may assume
To count the number of lattice points in RS k (X 0 ), we can restrict (k − 1) coordinates of X to some integers with absolute values R (there are R k−1 choices in total), and reduce to counting lattice points on the circle. So it suffices to prove the case k = 1:
where the constant is independent of X 0 and R. Without loss of generality, we may assume that there are more than 3 lattice points on the circle RS 1 (X 0 ). So the center X 0 ∈ Q d , and each of its components has height R c for some c > 0. Without loss of generality, the 2-plane containing the circle may have the form:
d and each of their components has height R c for some constant c > 0. So we only need to count the number of integer solutions to
By substitutions, it is reduced to counting the number of integer solutions to
where D > 0 is squarefree and K ∈ Z satisfies |K| R c d for some constant c d > 0. Namely, we need to estimate the number r D (K) of representations of an integer K by the quadratic form x 2 + Dy 2 . Recall that (see e.g. [14, p. 32] )
where τ (K) is the number of divisors of K and satisfies τ (K)
Proof of (1.22). When 1 ≤ k ≤ d − 2, by the proof of (1.15) we only need to estimate the maximal number of lattice points in the intersection of k bands:
2). Since we are assuming u 1 , ..., u k are fixed and rational, the lattice points in the intersection of k unit bands that are ν k,d -transverse must lie in a finite number (depending on u 1 , ..., u k ) of (d − k)-dimensional affine planes. Note that the intersection of each (d − k)-dimensional affine plane and the sphere λS
equals to an embedded lower dimensional sphere RS d−k−1 (X 0 ) ⊂ R d with center X 0 ∈ R d and radius R ≤ λ. By Lemma 2, the number of lattice points in RS d−k−1 (X 0 ) is uniformly bounded by λ d−k−2+ , independent of its center. Therefore, the number of lattice points
where the constant depends on u 1 , ..., u k . So the proof is complete by using (3.2).
Proof of (1.23). When k = d − 1, similarly by the proof of (1.15) we can get
with fixed rational u 1 , ..., u k , as any straight line intersects the sphere at no more than 2 points. Arguing along the proof of (1.15) only gives an upper bound of some power of log λ. To prove the expected uniform bound, we need to use Lemma 1. The following argument is the generalization of the proof of (1.13) in 2 dimension. Without loss of generality, we set Σ = (x 1 , ...,
For fixed t 1 , ..., t d−1 , the straight line determined by d−1 equations: x j +a j x d = t j , j = 1, ..., d − 1, intersects the sphere λS d−1 at at most two points, and they are separated by the hyperplane a 1 x 1 + ...
and then E = L + ∪ L − .
As in the 2-dimensional proof, by splitting the sum, it suffices to estimate
If a j = p j /q j ∈ Q, gcd(p j , q j ) = 1, |p j | ≤ |q j |, then for any fixed t 1 , ..., t d−1 ∈ Z, there is at most one n ∈ L + such that q j n j + p j n d = t j , j = 1, ..., d − 1. So we may define a t 1 ,...,t d−1 :=c n if there is one such n ∈ L + , and define a t 1 ,...,t d−1 := 0, otherwise. Therefore, recalling the operator T µ in Lemma 1 we have 
Explicit estimates in 3 dimension
In this section, we prove Theorem 4 on T 3 . Let e λ (x) = n∈E c n e in·x , n∈E |c n | 2 = 1, where E = Z 3 ∩ λS 2 . By Theorem 3, it suffices to estimate A 1,3,λ and A 2,3,λ , and prove that + .
Recall that A 1,3,λ is the maximal number of lattice points in a unit band of λS 2 , and A 2,3,λ is the maximal number of lattice points in the intersection of two ν-transverse unit bands of λS 2 . The main idea is to decompose the bands into a number of small portions, and each portion has λ (coplanar) lattice points. It generalizes a result of Jarnik [11] , any arc on λS 1 of length at most cλ 1 3 contains at most two lattice points. Indeed, the lattice points in a spherical region of λS 2 must be coplanar if the convex hull of the spherical region has a volume 1.
We may use the following convention in the proof. Consider a general band on λS 2 . The boundary of the band consists of two circles, which are the intersections of two parallel planes and the sphere. If the largest radius of the circles is R, we call the radius of the band is R. The distance between the two parallel planes is called the width of the band. Moreover, the spherical distance between the two circles is called the spherical width of the band. A band sector is a portion of the band with respect to a central angle.
Proof of (1.17). We need to count the maximal number of lattice points on a unit band. Note that one of the planes can be tangent to the sphere at some point P ∈ λS 2 . So we need to consider two different cases. One case is that the band is close to the tangent point P . More precisely, when the distance between Proof of (1.18). If the intersection of the two ν-transverse unit bands is not empty, then the angle between the two bands has a fixed positive lower bound
